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A Boussinesq-type model for flow over trapezoidal profile weirs
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ABSTRACT
Computational flow models that are developed based on the depth-averaged Saint–Venant equations cannot be used to simulate flow over short-
and broad-crested trapezoidal profile weirs. In the derivation of the Saint–Venant equations, uniform velocity and hydrostatic pressure distributions
have been assumed. These assumptions restrict the application of the equations to flow situations with insignificant curvature of streamlines. In this
study a Boussinesq-type momentum equation, which allows for curvature of the free surface and a non-hydrostatic pressure distribution, along with
a simplified equation for weakly curved free surface flow, are investigated for the numerical simulation of steady flow over short- and broad-crested
types of these weirs with smooth and rough flow boundaries. The finite difference method is employed to discretize and solve these nonlinear flow
equations. Computed and measured results of flow surface and bed pressure profiles for these types of weirs are presented. The Boussinesq-type
momentum equation performs satisfactorily for both subcritical and transcritical flow situations, while the simplified equation simulates these flow
situations on rough flow boundaries fairly well. The overall prediction results validate the use of the weak curvature approximation.

RÉSUMÉ
Les modèles numériques d’écoulement basés sur les équations de Saint–Venant moyennées en profondeur ne peuvent pas simuler les écoulements sur
les déversoirs trapézoïdaux de courte ou de large crête. En effet, pour établir les équations de Saint–Venant, on suppose que la vitesse est uniforme et
les pressions hydrostatiques. Ces hypothèses limitent l’application de ces équations aux situations dans lesquelles la courbure des lignes de courant est
insignifiante. Dans cette étude une équation des quantités de mouvement de type Boussinesq, qui tient compte de la courbure de la surface libre et d’une
distribution non-hydrostatique de pression, ainsi qu’une équation simplifiée pour les écoulements avec surface libre faiblement incurvée, sont étudiées
pour simuler numériquement un écoulement permanent sur ces déversoirs de types courte ou large crête avec des frontières d’écoulement lisses ou
rugueuses. Ces équations non-linéaires sont résolues par une méthode de discrétisation en différences finies. Des résultats calculés et mesurés desprofils
de surface libre et de pression de lit pour ces types de déversoirs sont présentés. L’équation des quantités de mouvement de type Boussinesq permet de
calculer d’une manière satisfaisante les situations sous-critiques et transcritiques de l’écoulement, alors que l’équation simplifiée simule vraiment bien
ces situations d’écoulement sur des frontières rugueuses. Les résultats globaux de prévision valident l’utilisation de l’approximation de faiblecourbure.
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1 Introduction

Numerical and experimental studies of flow over trapezoidal
profile weirs have a number of applications especially in the anal-
yses of flow over common types of civil engineering structures.
For instance, simulation of flood flows over highway and rail-
way embankments are analogous to the case of flow over short-
and broad-crested trapezoidal profile weirs. The free overflow
characteristics of these weirs often provide important bound-
ary conditions for the application of large two-dimensional flow
models. The significant nature of flow over such types of weirs,
especially in the vicinity of flow transition from subcritical to
supercritical state, is a strong departure from the hydrostatic
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distribution of pressure, caused by the curvatures of the stream-
lines. Most of the existing computational flow models, which
are based on the depth-averaged Saint–Venant equations, are
inappropriate to simulate this type of flow problem. In the deriva-
tion of the Saint–Venant equations, assumptions of uniform
velocity and hydrostatic pressure distributions are commonly
employed. Consequently, the equations represent the lowest-
order in approximation and cannot retain accuracy for flow
situations that involve non-hydrostatic pressure and non-uniform
velocity distributions (see e.g. Bhallamudi and Chaudhry, 1992;
Berger, 1994). The two-dimensional nature of the flow over these
weirs requires more accurate methods for exact simulation of the
flow situation. In this paper, the Boussinesq-type momentum
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equation models will be employed for the numerical simulation
of such type of flow problem.

Studies to understand the basic mechanics of free surface flow
with considerable curvature of streamlines date back to the ear-
liest attempt by Boussinesq (1877). Boussinesq (1877) was the
first to extend the momentum equation to incorporate implicitly
the effect of curvature of the streamlines using the assumption
of a linear variation of curvature of streamlines from the bed to
the free surface. Recently, Dressler (1978) developed a set of
shallow-flow equations for irrotational flow using an orthogonal
bed-fitted curvilinear coordinate system. Sivakumaran and Yev-
jevich (1987) studied the applicability of these equations for free
flow over a spillway. They obtained results that are in good agree-
ment with measurements. Even though the equations do describe
some phenomena well, the Dressler’s method does not permit
flow regime to change from subcritical to supercritical state (see
e.g. Sivakumaranet al., 1983). Hager and Hutter (1984), Hager
(1985) and Matthew (1991) presented Boussinesq-type energy
equations based on a potential-flow assumption for modelling
two-dimensional flows over curved boundaries. Steffler and Jin
(1993) developed the vertically averaged and moment (VAM)
equations based on the assumptions of a linear longitudinal
velocity distribution, and quadratic pressure and vertical veloc-
ity distributions across the depth of flow. The resulting equations
are long and complex. Khan and Steffler (1996a,b) successfully
applied these equations to the simulation of different curved flow
problems.

Fenton (1996) introduced alternative Boussinesq-type momen-
tum equations to model flow with a non-hydrostatic pressure dis-
tribution. Compared to other governing equations (for instance,
Dressler and VAM equations), the equations are simple to apply
in a cartesian coordinate system especially for free surface flow
problems with continuous flow boundaries. In this work, the
applicability of these equations for steady flow over short- and
broad-crested trapezoidal profile weirs will be investigated.

The problem of flow over trapezoidal profile weirs has been
extensively studied experimentally. Most of the experimental
works were performed to understand the flow characteristics
of these weirs as well as the determination of the coefficients
of discharge under free and submerged flow conditions (see
e.g. Fritz and Hager, 1998; Kindsvater, 1964). However, the
global flow characteristics including the bed pressure distribu-
tion have not been thoroughly investigated. Besides, no work has
so far been reported in the literature (to the writers’ knowledge)
to simulate flow over these weirs numerically using lower- or
higher-order governing equations. From a practical perspective,
accurate simulation of the flow profile, particularly the upstream
water surface elevation, is important in order to predict the dis-
charge capacity of these weirs under free flow conditions. The
current numerical procedure presented in this paper for the solu-
tions of the Boussinesq-type equations provides a convenient
method of developing head-discharge relationships for short- and
broad-crested trapezoidal profile weirs with smooth and rough
beds, thus extending the existing methodology or procedure
which is applicable to broad-crested weir only. This issue will
be addressed in detail in subsequent publications.

Therefore, the main objectives of this paper are: (i) to model
subcritical and transcritical flows over trapezoidal profile weirs
using Boussinesq-type equations numerically; (ii) to assess the
influence of the curvature of the streamlines on the flow surface
and bed pressure profile solutions of the equations; and (iii) to
demonstrate the validity of the model by a number of laboratory
experiments.

2 Governing equations

It is well known that the pressure distribution in free surface
curved flows is non-hydrostatic due to the effect of the vertical
acceleration of the flow. In the modelling of Boussinesq-type
equations, this effect on the flow behaviour can be accounted for
implicitly by including the centrifugal termκ/ cosθ, whereκ is
the curvature andθ is the angle of inclination of the streamline
with the horizontal axis. The degree of curvature of the stream-
lines directly influences the magnitude of the term. For a nearly
horizontal flow situation where the curvature and slope of the
streamline are insignificant,κ ∼= 0 and cosθ ∼= 1.

Fenton (1996) applied the momentum principle along with
the simplifying assumption of a constant centrifugal term at a
vertical section to develop the equations. In the derivation of
these equations the curvatures of the flow surface,κH, and the
bed,κb, are approximated by the expressions for flow with weak
curvature of streamlines, i.e.,κH

∼= d2H/dx2 + Z
′′
b andκb

∼= Z
′′
b.

For steady flow in a rectangular channel the flow equation reads as
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in which H is the depth of flow;Z′
b, Z

′′
b andZ′′′

b are the first,
second and third derivatives of the bed profile, respectively;
Sf denotes the friction slope, calculated from the Gauckler–
Manning–Strickler equation or smooth boundary resistance law;
q is the discharge per unit width;β refers to the Boussinesq coef-
ficient; g is gravitational acceleration;ϑ = 1 + Z

′2
b ; andω0 is a

constant factor to reflect the combined effect of the bed in deter-
mining the elevation of the surface and the associated dynamic
pressures due to slow moving flow near the bottom of the flow
boundary. Fenton (1996) suggested a value of slightly less than
1 for ω0.

The corresponding pressure equation is given by
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in which ρ is the density of the fluid;η is the mean elevation of
the free surface;z is the vertical coordinate of a point in the flow
field;p is the pressure. If the curvatures of the streamlines and the
bed are neglected, i.e., d2H/dx2 = Z′′

b = 0, Eq. (2) reduces to
the hydrostatic pressure equation. The second term on the right-
hand side of the equation accounts for dynamic effects; it depends
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on the curvatures of the bed and streamlines. Since at a vertical
section the variation of the centrifugal term is approximated by
the average value of the contribution of the bed and the curved
flow surface, the excess pressure above the hydrostatic varies
linearly with the depth of flow.

3 Nature of the flow equation

Equation (1) implicitly includes the effect of the vertical accel-
eration to model two-dimensional flow problems where more
vertical details are significant and essential. For the case of
weakly curved free surface flow with negligible curvature of
streamlines in a constant slope channel, the flow surface and bed
curvatures terms vanish to zero. Under this flow condition, the
above equation degenerates to the gradually varied flow equation.

The last term of the equation (the second and third derivatives
of the bed profile) takes into account the effect of the curvature of
the bed profile on the streamline behaviour. In a special case of
curved flow in a constant slope channel whereZ′′′

b = Z′′
b = 0,

the equation reduces to
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Equation (3) implies that, in contrast to the Dressler equations, the
flow equation separately includes the effects of the curvature of
the streamline and the flow boundaries. Furthermore, the equation
incorporates wave-like variations of the free surface to simulate
short waves on such channel. For weakly curved free surface
flow in the vertical plane, the products of the derivatives are very
small in relation to the derivatives themselves. Neglecting these
terms in Eq. (1) gives
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A flow equation similar in structure to this equation was first pre-
sented by Boussinesq (1877). This equation and Eq. (1) will be
referred to hereafter as the weakly curved flow (WCF) equation
and the Boussinesq-type momentum (BTM) equation, respec-
tively. Both equations will be used in this study to simulate free
surface flow over trapezoidal profile weirs with smooth transition
curves introduced at the four corners of the profile for the pur-
pose of integrating the equations continuously at these points. The
solutions of these two equations will be compared to examine the
influence of the degree of curvature of the flow surface on the solu-
tions of the equations. For the WCF equation, the corresponding
pressure equation can be obtained by settingϑ = 1 in Eq. (2).

4 Problem formulation and boundary conditions

The computational domain for the numerical solution of the weir
flow problem is shown in Fig. 1. In this figure, AB is the inflow

Figure 1 Computational domain for flow over a weir.

section, CD is the outflow section, MUVN is the trapezoidal
profile weir and AC is the free surface of the flow. The inflow
and outflow sections of the computational domain are located in
a region where the flow is nearly uniform. This quasi-uniform
flow condition before the inflow and after the outflow sections
of the solution domain simplifies the evaluation of the boundary
values at these sections using the gradually varied flow equation.
Thus, for a given depth at the inflow section the slope of the
water surface,SH, can be computed from the gradually varied
flow equation:

SH = dH

dx
= S0 − Sf

1 − βFr2
, (5)

in which Fr is the Froude number; andS0 is the bed slope. For
the given flow depths, AB and CD, at the inflow and outflow
sections, respectively, and discharge at the inflow section, it is
required to determine the flow surface profile, AC, and the bed
pressures along the centreline of the trapezoidal profile weir. For
this purpose the computational domain which is bounded by the
free surface of the flow, inflow and outflow sections, and the solid
flow boundary is discretized into equal size steps inx as shown
in Fig. 1.

5 Numerical model and solution procedure

Analytical solutions are not feasible for the above flow equations
due to the presence of strong nonlinear terms. Therefore, a numer-
ical approach based on finite difference approximations is used
here for their solutions. This formulation is simple to code and
extensively used to solve linear or nonlinear differential equa-
tions. For the purpose of discretization, Eqs (1) and (4) can be
represented by a simple general equation as

d3H

dx3
+ ξ0

d2H

dx2
+ ξ1

dH

dx
+ ξ2 = 0, (6)

whereξ0, ξ1 andξ2 are the nonlinear coefficients associated with
the equation and the corresponding expressions can be obtained
by comparing this equation with the respective flow equations.
Both governing equations, Eqs (1) and (4), are third-order dif-
ferential equations which need to employ third- or higher-order
accurate methods to solve the equations numerically. This is
necessary in order to reduce the truncation errors introduced
in the formulation due to the finite difference approximation
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of the derivative terms of the equations (Abbott, 1979). There-
fore, four-point finite difference approximations are employed
here to replace the derivative terms in the third-order flow
equations.

The upwind finite difference approximations (Bickley, 1941)
for derivatives at nodej are(
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Equations (7)–(9) are introduced into Eq. (6) to discretize the
derivative terms. After simplifying the resulting expression and
assembling similar terms together, the equivalent finite difference
equation becomes

Hj−2
(−6 + ξ1,jh

2
) + Hj−1

(
18+ 6ξ0,jh − 6ξ1,jh

2
)

+ Hj

(−18− 12ξ0,jh + 3ξ1,jh
2
)

+ Hj+1
(
6 + 6ξ0,jh + 2ξ1,jh

2
) + 6ξ2,jh

3 = 0, (10)

whereh is the step size. In the solution domain, Eq. (10) is
used to evaluate nodal values between 1 andJ − 1 inclusive.
Since the values of the nodal points atj = 0 andj = J are
known, the value of the imaginary node atj = −1 can be
determined from the estimated water surface slope,SH, at the
inflow section. Using a similar discretization equation, Eq. (9),
for the water surface slope at inflow section and the expanded
form of Eq. (10) atj = 0, the explicit expression for the
nodal value atj = −1 in terms of values of the nodal point 0
and 1 is
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Equations (10) and (11) constitute the one-dimensional finite
difference equivalent equations for the numerical model.

The solution of the nonlinear flow equation based on the two-
point boundary value technique requires an initial estimate of
the position of the free surface profile. Generally, such problems
must be solved by iterative methods, which proceed from an
assumed initial free surface position. For the iterative procedure,
the required computational effort is dependent on the choice of
the initial flow surface profile. In this work, the Bernoulli and
continuity equations are employed to obtain the initial flow sur-
face profile estimate. Then, to simulate the flow surface profile,
Eq. (10) is applied at different nodal points within the solution
domain and results in a banded system of nonlinear algebraic
equations. These equations together with Eq. (11), and the two
boundary values at the inflow and outflow sections, are solved by

the Newton–Raphson iterative method with a numerical Jacobian
matrix. The convergence of the solution is assessed using the
following criterion:

 m∑
j=1

∣∣δHj

∣∣/ m∑
j=1

Hj


 ≤ tolerance,

whereδHj is the correction depth to the solution of the nodal point
j at any stage in the iteration;m is the total number of nodes in
the solution domain excluding nodes having known values. In
this study, a tolerance of 10−6 is used for the convergence of the
numerical solutions. This computational scheme is superior to
the method employed by Fenton (1996) which was based on the
specification of initial conditions only and showed instability due
to parasitic solutions.

For the solution of the pressure equation, a finite difference
approximation, Eq. (8), is inserted into Eq. (2) to discretize
the derivative term in the equation. Since the nodal flow depth
values are known from the solution of the flow profile equa-
tion, this discretized equation yields the bed pressure,Pb (for
z = Zb, whereZb is the channel bed elevation) at different nodal
points.

6 Experimental set-up and procedure

The experimental investigation was carried out in a horizontal
flume 7100 mm long, 380 mm deep, and 300 mm wide. The flume
and the trapezoidal profile weirs were made of plexiglass. Water
was supplied to the head tank from a sump through 115 mm diam-
eter pipe with a valve for controlling the discharge. Various flow
improving elements were provided upstream of the trapezoidal
profile weirs to obtain a smooth flow without large-scale turbu-
lence. Symmetrical trapezoidal profile weirs of 150 mm height,
crest lengths 100, 150 and 400 mm, respectively, and side slope
1V : 2H were tested at different discharges. For the purpose
of assessing the performance of the numerical model on rough
boundary, the surface of the 150 mm weir model including the
bed of the flume was roughened using pieces of mild steel wire
screen with mesh size 6.5 mm square. The diameter of the wire
from which the screen was made was 0.56 mm. This method of
roughening has been used in the past for simulating bed rough-
ness in free surface flow (see e.g. Bauer, 1954; Kindsvater,
1964). The roughened model was also tested at different
discharges.

The velocity distributions of the flow at different sections were
measured using an Acoustic Doppler Velocimeter (ADV) with
a two-dimensional side-looking probe. A series of experiments
were conducted before commencing the experimental work in the
subcritical and supercritical flow regions to verify the accuracy
of the velocity measurements using this instrument. The first-
order uncertainty analysis method (Moffat, 1985; Coleman and
Steele, 1995) was applied to determine the repeatability of the
velocity measurements. Thirty measurements were taken at the
selected two points (z = 8.28 and 133 mm) in the subcritical
and one point (z = 12 mm) in the supercritical flow regions. At
a 95% confidence level, the uncertainties in the mean velocity
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measurements atz = 8.28, 133 and 12 mm were found to be
±1.53, ±0.96 and±0.61%, respectively.

A volumetric tank system was used to measure the discharge.
The system consisted of a tank with plan dimensions of 200 cm
by 150 cm and depth of 450 cm, and an inclined manometer
(56.62◦ to the horizontal) for water level measurement in the
tank. Tank filling time longer than 1 min was used to minimize
errors associated with the starting and stopping of the stopwatch.
The discharge measurement of this system was checked against
predictions that were made based on the integration of the veloc-
ity profiles taken at two sections upstream of the weir model. The
result indicated that the maximum error in the determination of
the flow rate was 4%. It is important to note that the uncertainty
related to the velocity measurements has some contribution to this
error. The longitudinal flow surface profile was observed with a
manual point gauge of reading accuracy 0.10 mm. For recording
the bed pressure, steel pressure taps of external diameter 3 mm
were fixed along the centreline of the weir model with maximum
horizontal spacing of 80 mm, but the spacing was much closer
near the edges of the weir crest. These pressure taps were con-
nected to vertical water piezometers of reading accuracy 1 mm by
long plastic tubes. For each experiment, the base reading for the
pressure taps was obtained immediately after the flow was shut
off. According to the criteria given by Ranga Rajuet al. (1990),
the effects of viscosity and surface tension on the experimental
results were negligible.

7 Applications

The numerical model, developed in a previous section, was used
for simulating steady flow over short- and broad-crested trape-
zoidal profile weirs for both subcritical and transcritical flow
situations (on smooth and rough beds). In order to assess the
effect of the streamline curvature on the solution of the models,
free flow situations with differentH0/Lw values were consid-
ered (H0 = total energy head over the weir crest,Lw = weir
crest length). It is apparent that the magnitude of this ratio deter-
mines the degree of the curvature of the flow over the crest of
the weir. ForH0/Lw ≤ 0.50, the curvature of the streamline
over the crest is insignificant except near the edges of the weir
crest (see e.g. Bos, 1978). Consequently, the expected influence
of the non-hydrostatic and/or non-uniform velocity distributions
on the behaviour of the flow might be insignificant. Similarly
for the subcritical flow situation, flow with different submer-
gence ratios (the ratio of the downstream flow depth to the
upstream depth of flow above the crest of the weir) was consid-
ered for the purpose of simulating submerged flow with different
degrees of submergences. This ratio influences the nature of the
submerged flow surface profile especially over the crest of the
weir.

For all cases of flow simulations, the size of the steps was
designed to be fine enough to meet the requirements of rea-
sonable accuracy. All computational results presented here were
independent of the effect of spatial step size.

8 Model results for smooth bed

As described before, this part of the experiment was performed
in a laboratory flume made of plexiglass. For the simulation of
flow over such boundary, a smooth boundary resistance law was
applied for computing the friction slope.

8.1 Effect of Boussinesq coefficient values

Numerical simulation of transcritical flow over a short-crested
weir with H0 /Lw = 1.10 was performed on different values of
Boussinesq coefficient in order to examine the influence of the
magnitude of this correction coefficient on the accuracy of the
predictions. For this purpose numerically determined value of
β = 1.06 from the observed velocity profile forq = 691.6 cm2/s
at heel of the weir and a maximum value ofβ = 1.20 for flow
in a channel of complex cross-section (Chow, 1959) were used;
assuming that these values are constant throughout the compu-
tational domain. Figure 2 illustrates the flow surface and bed
pressure profiles predicted by the BTM model for different values
of β. In this figure the non-dimensional flow surface elevation and
bed pressure at any section,z/Hw andPb/(H0 + Hw) (Hw = weir
height), respectively, are shown versus the normalized distance
from the axis of symmetry of the weir,x/Hw. As can be seen from
this figure, the solutions of the model are not strongly influenced
by the Boussinesq coefficient values. This indicates that assump-
tion of β equal to unity to simplify the computational procedure
in the present model does not cause any significant discrepancies
between the predictions and the experimental data.

Figure 2 Comparison of predictions for various Boussinesq coefficient
values (Lw = 100 mm).
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Figure 3 Submerged flow over a broad-crested weir: (a) flow surface
profile; (b) bed pressure.

8.2 Subcritical flow

The flow surface and bed pressure computation results of the
numerical models are shown in Figs 3 and 4 for flow with
submergence ratios of 92 and 98%. In this case the flow is
nearly horizontal, the effects of non-hydrostatic pressure and non-
uniform velocity distributions are expected to be insignificant.
The modelled bed pressure and flow surface profiles using the
BTM and WCF equations compare well with the measured data.
Both equations overestimate the bed pressure near the upstream
edge of the weir crest, with maximum absolute errors being less
than 7.5% (see Fig. 3b). This discrepancy is attributed to burrs at
the edges of the holes which may distort the pressure measure-
ments. The flow surface profile solution of both models for the
short-crested weir shows a train of standing waves over the crest
of the weir, with mean absolute errors in the simulated profiles of
only 1.4%. The predicted bed pressure for this part of the solu-
tion domain also reflects the simulated undular shape of the flow
profile.

8.3 Transcritical flow

The computed flow surface and bed pressure profiles obtained
for the case of transcritical flows over short- and broad-crested
trapezoidal profile weirs are compared with experimental results
in Figs 5–7. The numerical solutions of the BTM and WCF mod-
els for flow surface profile show excellent agreement with the
measured data for both flow situations, the maximum absolute
errors being only 1% for both models (see Figs 5a, 6a and 7a).

Figure 4 Submerged flow over a short-crested weir: (a) flow surface
profile; (b) bed pressure.

Figure 5 Flow surface and bed pressure profiles for flow over a
broad-crested weir.
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Figure 6 Flow surface and bed pressure profiles for flow over a
short-crested weir (Lw = 150 mm).

Figure 7 Flow surface and bed pressure profiles for flow over a
short-crested weir (Lw = 100 mm).

The agreement particularly for flow withH0/Lw = 0.95 is irre-
spective of the approximation of the curvature by the weakly
curved flow expression. However, a small wobble is noticeable
over the crest of the weir in the predicted flow surface profile
for H0/Lw = 0.72. A minor discrepancy between the pre-
dicted and measured values of the bed pressure is observed in the

supercritical flow region on the downstream face of the weir. In
this region the observed bed pressure might have some systematic
errors due to turbulence effects. In general, the overall quali-
ties of the numerical solutions of the bed pressure are good and
show a satisfactory agreement with the experimental data (mean
absolute errors= 5.6 and 6% for the BTM and WCF models,
respectively). It is clear from Figs 6 and 7 that the pressure dis-
tribution on the crest of the weir is definitely non-hydrostatic due
to the pronounced curvature of the streamlines (H0/Lw = 0.72
and 0.95). The comparison result from these figures reveals that
the WCF equation simulates the flow surface profile as accurately
as the BTM equation with steep flow surface slope on the crest.
This implies that the simplifying assumption of weak curvature
of streamlines does not influence its numerical solutions at least
for the flow problems considered. Also, this numerical experi-
ment suggests that both models simulate the weir flow problem
accurately regardless of the degree of curvature of the streamlines.

9 Model results for rough bed

9.1 Roughness parameters

For flow over rough boundaries, it is difficult to obtain a precise
definition of the distance of the virtual bottom of the channel
from the surface of the roughness for flow depth measurement.
Different approaches have been introduced for locating the virtual
bottom approximately. A simple and more popular method which
utilizes the velocity distribution at a section was employed in this
investigation. Accordingly, the plot ofu(z) versus log (z) was
extrapolated in the region where the experimental velocity data
follow the logarithmic law of velocity distribution. It was found
that the virtual bottom was located at a distance of 0.28 mm below
the surface of the wire screen.

The simulation of flow over a rough boundary also requires
a predetermined value of roughness constant for computing the
friction slope which is included in the equations. Assuming that
the effects of roughness on the flow are purely frictional rough-
ness, the Nikuradse equivalent sand roughness height,ks, can be
expressed as follows (Schlichting, 1960):

ks = k exp(3.4 − 0.40C), (12)

in which k is the roughness height andC is a constant for the
logarithmic velocity profile equation and equal tou(z)/US −
5.75 log(z/k), u(z) is flow velocity atz and US is the shear
velocity.

From the measured velocity profile at the upstream section, the
constantC was estimated. Then, the equivalent roughness height
was computed using Eq. (12). The Manning’s roughness coeffi-
cient for the simulated bed was predicted based on the estimated
ks value of 1.864 mm and was taken as constant throughout the
whole computational domain.

9.2 Subcritical flow

Figure 8 compares the predicted and observed values of the
flow and bed pressure profiles for flow with submergence ratio
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Figure 8 Flow surface and bed pressure profiles for submerged flow
over a rough bed weir.

93%. The results of the models for flow profile show excellent
agreement with experimental data except at the crest where both
models underestimate the flow depths. The maximum differences
between the experimental data and the corresponding numeri-
cally simulated values around the crest of the weir for the BTM
and WCF models are only 1.9 and 3.7%, respectively. It can
be seen from Fig. 8(b) that the agreement of the predicted bed
pressure with experimental data is good for the upstream and
downstream faces of the weir. However, the WCF model under-
predicts the bed pressure (maximum absolute error= 7.1%) at
the crest of the structure. The overall level of agreement for the
bed pressure is marginally better with the BTM model, the max-
imum absolute error being only 4.5%. Since the WCF model is
a weak curvature approximation to the BTM model, minor dif-
ference between the overall performances of these two models is
observed for this flow situation.

9.3 Transcritical flow

The computed and measured flow surface and bed pressure pro-
files are shown in Fig. 9. Upstream of the toe of the weir, the flow
profile results of the two models agree well with the experimen-
tal data. In the supercritical flow region downstream of the toe of
the weir, the WCF model predicts a slightly higher water surface
elevation, with a mean absolute error of only 2%. Both models
give almost similar bed pressure prediction for the entire flow
region and the results are in good agreement with measurement.

The simulation results for flow over smooth and rough beds
show that the BTM model predicts accurately the upstream flow

Figure 9 Flow surface and bed pressure profiles for transcritical flow
over a rough bed weir.

surface elevation and flow transition from sub- to super-critical
state irrespective of the curvature of the streamline of the flow.
This suggests that this model can be employed to develop head–
discharge relationships for trapezoidal profile weirs under free
flow conditions.

10 Summary and conclusions

Two one-dimensional Boussinesq-type momentum equation
models were investigated for modelling free surface flow prob-
lems with weak and strong curvature of streamlines in both
frictionless and frictional channels. One model, the BTM equa-
tion incorporates relatively a higher degree of approximation for
the effect of non-hydrostatic pressure distribution, and the other,
the WCF equation model is the simplified version of this model
for flow situations that involve weak streamline curvature and
slope. Free and submerged flows over broad- and short-crested
trapezoidal profile weirs with smooth and rough flow bound-
aries were considered for simulation purpose. Finite difference
approximations were used to discretize the flow equations. The
resulting nonlinear algebraic equations were solved using the
Newton–Raphson technique with a numerical Jacobian matrix.
Comparison of the numerical prediction results with experimen-
tal data was also presented. A good agreement was obtained
between the simulated and measured data.

For submerged flow over a short-crested trapezoidal pro-
file weir, both models satisfactorily predicted the shape of the
flow profiles over the crest of the weir. The crest bed pressure
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prediction of the BTM model showed a slightly better agreement
(maximum absolute error= 4.5%) with measurement than the
WCF model for flow with submergence ratio of 93%, but both
models provided similar and accurate predictions for the bed pres-
sure on the upstream and downstream faces of the weir. Generally
speaking, the overall performance of both models for subcrit-
ical flow over short- and broad-crested weirs was reasonably
good.

The result presented in this paper underline the satisfactory
performance of the WCF model in predicting transcritical flows
with strong streamline curvatures. This is surprising considering
that the WCF model has not been developed to treat such flows.
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Notation

BTM = Boussinesq-type momentum
C = Constant for logarithmic velocity

distribution
Fr = Froude number
g = Acceleration due to gravity
h = Step size in the horizontal direction
H = Depth of flow measured vertically from

the bed
H0 = Total energy head over the crest of the

weir
Hw = Height of the weir

k = Roughness height
ks = Nikuradse equivalent sand roughness

height
Lw = Crest length of the weir
m = Total number of nodal points in the

solution domain
p = Pressure

Pb = Bed pressure
q = Discharge per unit width of the channel

Sf = Friction slope
SH = Slope of the flow surface
S0 = Slope of the bed

u(z) = Horizontal flow velocity atz
US = Shear velocity

WCF = Weakly curved flow
x = Horizontal coordinate
y = Transverse coordinate
z = Vertical coordinate

Zb = Channel bed elevation

Z′
b, Z

′′
b, Z

′′′
b = Derivatives of the bed profile
β = Boussinesq coefficient

δHj = Correction depth at nodej
η = Mean elevation of the free surface
θ = Angle of inclination of the streamline

with the horizontal
κ = Curvature of a streamline

κb = Curvature of the bed
κH = Curvature of the flow surface
ξ = Nonlinear term associated with the flow

equation
ρ = Density of the fluid

ω0 = Weighting factor
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